Role of many-body entanglement in decoherence processes 
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A pure state decoheres into a mixed state as it entangles with an environment. When an entangled 
two-mode system is embedded in a thermal environment, however, each mode may not be entangled 
with its environment by their simple linear interaction. We consider an exactly solvable model to 
study the dynamics of a total system, which is composed of an entangled two-mode system and 
a thermal environment, and also an array of infinite beam splitters. It is shown that many-body 
entanglement of the system and the environment plays a crucial role in the process of disentangling 
the system. 
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Decoherence has been studied in the context of 
quantum-classical correspondence^providing a quantum- 
to-classical transition of a system |^ . A single- mode pure 
state becomes mixed and loses its quantum nature by de- 
coherence in an environment. Although the dynamics of 
the system has been studied extensively, there has not 
been a thorough investigation on the quantum correla- 
tion between the system and the environment, which is 
behind the dynamics of the system. The decoherence 
process can be understood as a process of entanglement 
between the system and its environment which is com- 
posed of a many (normally, infinite) number of indepen- 
dent modes. The increase of the system entropy may 
be due to the system-environment entanglement. 

Most of the studies on decoherence have focused on 
a single-mode or single-particle system This is be- 
cause if a many-body pure system is initially separable, 
its decoherence process is a straightforward extension of a 
single-body system. However, if there is entanglement in 
the initial pure system, the decoherence mechanism can 
be of a different nature. For an entangled two-mode pure 
system, each mode is generically in a mixed state and its 
passive linear interaction with an environment, which is 
normally in a mixed state, does not seem to bring about 
entanglement. What kind of correlation then causes the 
loss of entanglement initially in the system? In this pa- 
per, we answer this question by studying the quantum 
correlation of a two-mode entangled continuous- variable 
system with an environment in thermal equilibrium. 

A continuous-variable state is defined in an infinite- 
dimensional Hilbert space and it is convenient to study 
such a state using its quasiprobability Wigner function 
[Ql, W{x), in phase space. For an A^-mode field, the 
coordinates of phase space are composed of quadrature 
variables, x = {qi,pi,- ■ -jqNTPN}- Throughout the pa- 
per a vector is denoted in bold face and an operator by 
a hat. A fiber or a free space, through which a light 
field propagates, is normally considered a thermal envi- 
ronment. The dynamics of the field mode coupled to the 
thermal environment is, in the Born-Markov approxima- 
tion, governed by the Fokker-Planck equation H , 



where 7 is the energy decay rate of the system and n — 
2n + 1 with n — [exp{'hu!/kBT) — is the average 
number of thermal photons at temperature T. ks is the 
Boltzmann constant. 

It was shown by one of us that a single-mode Gaus- 
sian field interacting with a thermal environment can be 
modeled by the field passing through an array of infinite 
beam splitters A beam splitter is a simple passive 
linear device which keeps the Gaussian nature of an in- 
put field. Each beam splitter has two input ports. As the 
signal field is injected into one input port, it allows a de- 
gree of freedom for the other port where noise is injected. 
The collection of such degrees of freedom forms the en- 
vironment. We assume a homogeneous thermal environ- 
ment of temperature T with all noise modes having the 
same physical properties. In Ref. Q, the Fokker-Planck 
equation (|l|) for a single-mode field was derived using the 
beam splitter. The model was used to study the dynam- 
ics of entanglement between a single-mode field and its 
environment 

Using the Fokker-Planck equation (^, one may study 
the dynamics of the system. However, it is hard to know 
the quantum correlation between the system and the en- 
vironment as Eq. (|l|) is obtained by tracing over all en- 
vironmental variables. In this paper, instead of tracing 
over all the environmental modes, we keep them to study 
the dynamics of entanglement of the system and the envi- 
ronment. A two-mode squeezed state, which may be gen- 
erated by a nondegenerated optical parametric amplifier, 
is the most renowned and experimentally-relevant entan- 
gled state for continuous variables Q . Its degree of entan- 
glement increases as the degree of squeezing s increases 
S and it becomes a regularized Einstein-Podolsky-Rosen 
state when s 00 In order to simplify the problem, 
we assume that only the mode 02 of the system modes 
interacts with the environment while the other mode oi 
is isolated from it. 

We consider an exactly solvable model of a two-mode 
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system interacting with a homogeneous thermal environ- 
ment, which results in the Fokker- Planck equation (|^). 
For the Born-Markov approximation, we employ a time- 
dependent coupling constant in the model. Let us start 
with a finite number N of environmental modes interact- 
ing with the system. The interaction Hamiltonian, in the 
interaction picture, is 

Hi{t) - *^^(^) (^2^™ - «2&™) , (2) 

m— 

where bm is the bosonic annihilation operator for envi- 
ronmental mode hm and the coupling constant AAr(t) is 
determined so as to reproduce the Fokker-Planck equa- 
tion d). 

It is convenient to introduce collective modes c„ which 
are conjugate to bm under the Fourier transformation 
such that 




where c„ is an annihilation operator for a collective mode 
c„. The collective modes are related with the entangling 
nature of the modes for example, the quantum that 
cjj creates from a vacuum is in an entangled state of bm 
modes. 

The collective modes satisfy the boson commutation 
relation, [c„,cjj/] = 5nn' and carry physical properties as 
bosonic modes. Using the collective mode, a state p is 
described by the characteristic function 

Xc(X)=Trpexp[zX.X^], (4) 

where X = (Qo, -Po, Qi, A, Qw-i, -FW-i) with Qn = 
(c„ -I- cl)/y/2 and P„ = i{cl, - c„)/\/2 and X = 
{PQ,~Qt),Pi,~Qi,.-;PN-i,"QN-i)- It is straightfor- 
ward to show that, for a given density operator p, Xc is 
the same as the usual characteristic function, Xbi which 
is obtained in terms of modes 6„: Xc(X) = Xbi'^) ^^i^re 
X is conjugate to X by Fourier transformation (|3|). The 
collective modes c„ provide a different perspective from 
the modes bm, preserving all physical properties for a 
given state. 

The time-evolution operator Ui{t) for the interaction 
Hamiltonian is equivalent to a beam splitter operator 
with the system mode a2 and a collective mode cq as its 
input ports. That is, 

?7/(r)=exp[0(r)(a24-4co)], (5) 

where 9{t) = y/N/2 \n {t)dt determines the trans- 
mittivity, ^^(t) — cos^ 6'(t). We take the limit, N — > oo, 
keeping the transmitted energy finite, ^^(r) — exp(— 7t), 
in accordance with the Fokker-Planck equation. We find 
an important fact that the interaction of the system with 
the infinite modes bm of the environment can be re- 
duced into the interaction with the single collective mode 



Cq. The properties of collective mode cq changes due to 
the interaction but each environmental mode bm hardly 
changes which is reflected in no change of other collective 
modes c„. 

A Gaussian field has the characteristic function in the 
form of x(x) — exp(— xVx"'"/4) where V is the correla- 
tion matrix whose elements determine the mean quadra- 
ture values of the field: Vij = {{xiXj + XjXi)). Note 
that we neglected linear displacement terms in the Gaus- 
sian characteristic function as they do not play a crucial 
role in the entanglement. The entanglement nature of 
a Gaussian field is thus uniquely represented by its cor- 
relation matrix V. For a two-mode squeezed state, the 
correlation matrix Vs is simply |^ 

^ _ f cosh(2s)]l sinh(2s)(T2\ , , 

" " ^^sinh(2s)cr;, cosh(2s)l j 

where 1 is the 2x2 unit matrix and cr^ is the Pauli 
matrix. 

As the system interacts only with the collective mode 
Co in the homogeneous thermal environment, it suffices to 
consider the correlation matrix of the two system modes 
fli and 02 and the collective mode Cq. The collective 
mode Co is initially in a thermal state with the average 
number h of the collective bosons. Thus, the correlation 
matrix of ai, 02, and co before the interaction is given 
by Vo = Vs © nl. The evolution operator Ui{t) is now 
described by the matrix 

A \ 
U/ = p tt -rl (7) 
\0 rl tl ) 

where — 1 — . Then the correlation matrix for the 
system and environment after the interaction is obtained 
as V, = U/VoUf . 

A separability condition was derived by Simon that 
a two-mode Gaussian state is separable if and only if 
the partially momentum-reversed correlation matrix (or 
equivalently the partially transposed density operator) 
satisfies the uncertainty principle. The condition was 
extended to a biseparability condition between a single 
mode and a group of N modes by Werner and Wolf pi| , 
which reads that a Gaussian field of 1 x modes is bisep- 
arable if and only if 

AVA - > 0, (8) 

where A is a partial momentum-reversal matrix, V is the 
correlation matrix of 1 x A modes and (Jy is the Pauli 

matrix. Here, cr®^^^^^ = a-y ® (Ty® ... ® ay. 

We start with a short discussion on the dynamics of 
the entanglement for the system. In order to consider 
quantum statistical properties of the field of modes oi 
and 02, we trace the total density operator over all envi- 
ronmental modes, which is equivalent to considering the 
correlation matrix Vc only for the modes ai and a2'. 

/ ^ _ ( cosh(2s)l isinh(2s)cr^ \ , , 
- l^tsinh(2sK {t^cos\v2s + r^n)t)- 
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It has to be emphasized that this correlation matrix is 
exactly the same as the solution of the Fokker-Planck 
equation (|l|). Using Simon's criterion in Eq. (||) js], p^, 
the field of the modes ai and 02 is separable when the 
transmittivity of the beam splitter is < for the 
squeezing parameter s 0. Note that the separability 
condition does not depend on the initial entanglement of 
the system as far as there is any entanglement in the ini- 
tial instance. The separability of the two-mode squeezed 
state depends only on the temperature of the environ- 
ment and the overall transmittivity of the beam splitters. 

We now study the entanglement of the system and 
the environment. Here, instead of the entanglement of 
the system with an individual mode bm of the environ- 
ment, we are interested in the biseparability of a system 
mode and the collection of the environmental modes. Let 
us first consider the entanglement of the modes ai and 
cq. The correlation matrix Vc(ai,co) is equivalent to 
Vc(ai,a2) in Eq. (|^) if r and t are interchanged. The 
separability condition is found to be > which is 
again independent from the initial entanglement of the 
system as far as s 7^ 0. 

The entanglement of modes 02 and cq is easily dis- 
cussed using a quasiprobability P function [Q, the exis- 
tence of which is a sufhcient condition for entanglement 
Ip^ . Tracing over mode oi of the two- mode squeezed 
state, the other mode 02 is in a thermal state with 
fis = 2ns + 1 = cosh 2s. It is well-known that ther- 
mal states have positive definite P functions and the ac- 
tion of a beam splitter transforms only the coordinates 

hs 

of the input P functions: (q;)Pco — ^ Pa^^S-OL — 
rP)Pi,g{tp + ra). Thus the field of modes a2 and Cq is 
always separable. A simple decoherence picture, that a 
system decoheres as it entangles with its environment, 
does not hold any longer. However this does not mean 
that there is no entanglement involved in the decoher- 
ence process because the other mode of the system has 
to be taken into account. 

Fig. |l| presents the entanglement structure for a two- 
mode squeezed state interacting with a thermal environ- 
ment. The solid lines are the boundaries of entanglement 
of the system mode ai and the collective mode of the en- 
vironment Co and of the two system modes ai and a2. 
These lines are obtained by the separability condition 
in the present exactly solvable model. For the com- 
parison, we consider N = 100 beam splitters modeling 
the interaction with the thermal environment and cal- 
culate the biseparability of the 1 x 100- mode field using 
Giedke et aVs computational analysis p3[ |. The compu- 
tational results of entanglement are denoted by circles 
and dots. We find that the results are also independent 
of the squeezing parameter. Fig. |l] shows that the two 
methods are exactly consistent. 

Now, we need to consider what Fig. |l| really tells us. 
The three modes ai, 02, and cq compose a tripartite sys- 
tem. Multi-mode entanglement for a continuous-variable 
system has been studied extensively using beam splitters 
and single- mode squeezed states [|l3]. Giedke et al. clas- 
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FIG. 1: Nature of entanglement for a two-mode squeezed state 
interacting with a thermal environment of the average pho- 
ton number n. = exp(— 7r) is the transmittivity of the 
collective beam splitter. The solid lines are the boundaries 
of entanglement of ai and Co and of ai and a2, which are 
obtained by the separability condition. The circles and dots 
are found by a computational analysis with A'^ = 100 beam 
splitters. The circles indicate that the system mode ai and 
the group of environmental modes bm are entangled and the 
dots indicate that the system modes a\ and 02 are entangled. 



sified typ es of entanglement for a three-mode Gaussian 
field |1^. When a three-mode field is not biseparable, 
it is called fully entangled. Here, a three-mode field is 
biseparable when any grouping of three modes into two 
are separable. A fully-entangled tripartite qubit system 
may be entangled in two inequivalent ways JTsI , p^ , one 
of which is Greenberg-Horne-Zeilinger (GHZ) entangle- 
ment jl^ and the other is W-entanglement (l5j . A GHZ- 
entangled state becomes separable when any one particle 
is traced over any one particle while a W-entangled state 
is pairwise entangled for any pair of the three particles. 
On the other hand, there is another kind of entanglement 
for a fully-entangled tripartite d-dimensional system . 
That is, two-way entanglement: One example for three 
particles labeled as a, h and c are pairwise entangled of 
a and b and of b and c but the particles a and c are 
separable. 

From the biseparability condition in Eq. (^), wc find 
that the tripartite system of ai, a2, and cq is fully en- 
tangled if < t'^ < 1 and s 7^ 0. It is notable that the 
tripartite system being fully entangled is independent of 
the temperature of the environment and thus over whole 
region in the Fig. |l|. In Fig. |^, it is shown that the tri- 
partite system is two-way entangled, i.e., 01-02 and ai-co 
modes are entangled for n < 1 if -rr^ < P < tt^ ■ There 
are two regions where only one pair of the three-mode 
field is entangled. 



4 



We focus on the region of n > 1 described by 



where there is no pairwise entanglement. Because the 
tripartite system of ai, 02 and cq are fully entangled, if 
there is no pairwise entanglement, the only possibility 
is GHZ-entanglement among the three modes. Here, we 
draw the conclusion that GHZ entanglement of an entan- 
gled system, with an environment is a source to its loss of 
the initial entanglement. This is clearly seen in Fig. |l| 
when we consider the dynamics of the entanglement as 
the interaction time r increases or equivalently the trans- 
mittivity t^ decreases. For n > 1, the two modes of the 
system are initially entangled. As they come to the region 
where they are GHZ-entangled with the environment, the 
two modes of the system lose their initial entanglement. 
Finally, the entanglement is transferred to between the 
system mode ai and the collection of the environmental 
modes. 

When system mode 02 is neither GHZ-entangled nor 
pairwise entangled with oi, what happens to 02? In order 
to understand it, let us consider each thermal mode of the 
environment as a part of a pure system. Then the total 
system comes to be in a pure state, which is easier to ana- 
lyze. As pointed out earlier, by tracing over one mode of a 
two-mode squeezed state, we have a single-mode thermal 
field with h = cosh2s„. We may consider a purification 
of the thermal environmental state such that the thermal 
mode hm results from tracing a pure two-mode squeezed 
state Pb^b'^ over its counter mode Letting Cq be the 
counter collective mode of cq, the modes of ai, 02, cq 
and Cq, that involve in the interaction, compose the pure 
total system. As the system mode 02 interacts with the 
collective mode cq, there should be an analogy between 
the relations of the modes oi, 02, and cq and those of the 
modes Cg, cq, and 02- We have already seen that modes 
Oi and Cq, which have never met, may get entangled by 



the long interaction. This argument can be applied to 
the entanglement of the modes Cq and a2- Here, we ob- 
tain an interesting result that the system mode a2, which 
was initially entangled with the system mode ai, loses its 
initial entanglement and becomes entangled not with the 
interacting environmental modes but with the hidden en- 
vironmental modes, c'q. The entanglement of cq and Cq 
can be lost but the entanglement of bm and 6^ is almost 
kept unchanged as other collective modes c„ and are 
still well-entangled. For the comparison with the present 
model, we calculate the separability of the system mode 
02 and the group of the hidden modes 6^ by employing 
100 beam splitters and using Giedke et al.'s computa- 
tional analysis. This results in the same as the dots in 
Fig. |l| with n of the x-axis replaced by (hs — l)/2. On 
the other hand, if n of the environment is zero, the envi- 
ronment is in a pure vacuum state and there is no hidden 
environmental modes. In this case, the system of ai and 
02 becomes never separable. 

In this paper, we have studied the decoherence mecha- 
nism by highlighting the entanglement of the continuous- 
variable system with its environment. We showed that 
the homogeneous thermal environment can be summa- 
rized by a single collective mode with respect to the in- 
teraction with the system for the study of entanglement. 
As the two-mode entangled system is interacting with 
the thermal environment, the two modes may lose their 
entanglement by the GHZ-entanglement with the group 
of the environmental modes. The initial entanglement 
of the two-mode system transfers to the entanglement of 
one of the system modes and the group of environmental 
modes. We also studied the nature of entanglement for 
the other system mode. 
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